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A modified Rinzel-Keller equation of reaction-diffusion type is investigated analytically. Both
on the ring and on the linear fiber, the possible existence of wavetrains containing an arbitrary
finite number of impulses is demonstrated. The longest wavetrain shown explicitly consists
of ten pulses. Unlike other approaches, the present method varies many parameters simul-
taneously. An implicit algebraic equation is formulated which contains all possible wave
solutions of the system. This equation is then solved with a standard technique (Powell’s
algorithm). The results obtained extend the findings of other authors. The method can be
applied. after appropriate modification, to other piecewise linear systems, that is, to other

prototype reaction-diffusion systems.

1. Introduction

Excitable media include the nerve fiber, the heart
surface. the protozoan membrane, a reaction tank
containing the Z-reagent, as well as certain ecolog-
ical (epidemiological) and economic systems. They
are all capable of showing spatially homogeneous
excitations as well as spatially inhomogeneous exci-
tations called trigger waves [1]. Such waves can be
used to explain the transport of information in
biological systems. or the occurrence of repetitive
and nonrepetitive epidemiological and economic
phenomena. In two dimensions a very complicated
recurrent behavior was found recently [2].

One possible implementation of an excitable sys-
tem is a spatially extended medium in which
several chemical reactions take place. Some or all of
the reactants may be subjected to diffusion. This
class of systems can be described by parabolic dif-
ferential equations which are therefore frequently
called “reaction-diffusion equations™ (cf. [3]). The
most celebrated biological example is the Hodgkin-
Huxley equation of nerve action [4]. It is a compli-
cated four-variable nonlinear partial differential
equation with diffusion-type coupling.

In the following, a much simpler equation —
simple enough to be treated analytically — will be
considered. Despite its simplicity, it nonetheless
possesses interesting solutions. Wavetrains of more
than two pulses in a reaction-diffusion system can
be explicitly demonstrated for the first time.

Reprint requests to C. Kahlert, Institut fiir Physika-
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2. The Local System

A straightforward way to obtain excitability in a
(local) reaction system is to have one Z-shaped
nullcline in a two-variable system [5]. The most
common class of ordinary differential equations
fulfilling these conditions are two-component sys-
tems of the FitzZHugh-Nagumo type [6. 7]. The
simplest example of such an equation is due to
Rinzel and Keller [8]. It 1s a piecewise linear system
with a jump-like discontinuity in one nullcline. The
second nullcline is a vertical line. A modified form
of this equation (with a non-vertical second null-
cline) can be written in the following form [9, 10]:

u=p[—u+ev—-—b+0(u—d)].
b=—cu+v. (D
Figure 1 illustrates the phase plane of (1) with the
two nullclines.
Let us first look at the steady state pattern of (1).

In general there exist four different possibilities
(depending on the three parameters b. d. and e):

(1) One steady state, located on the upper branch
of the Z-shaped nullcline, exists if either

ed>b+d and e> 1, or

ed<d+b—1

(case a)

(case b) and e< 1.

(i1) One steady state, located on the middle

(vertical) branch of the first nullcline, exists if

b+d>c¢d>d+d—1 and e=1.

Strictly speaking. this particular “steady state™ does
not exist since it lies on the discontinuity of one
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Fig. 1. Nullclines of (1). T': left-hand half plane, T
right-hand half plane, 2: dividing line between the two
half planes, # = 0: z-shaped nullcline, & = 0: straight null-
cline. Parameters: b=1, d=0.2, e=15 Axes: u=
-1.0...1.5,0=00... 1.5

nullcline; on the other hand, any neighborhood
behaves as if it were there, so that it can safely be
included.

(ili) One steady state, located on the lower
branch, exists if

(casea) ed<b+d—1 and e>1, or

(caseb) ed>b+d and e<1.
(iv) Three steady states coexist for
b+d<ed<b+d—1 and e<1.

Case (i, a) is represented in Figure 1. This is the
case to be considered in the following. The steady
state has the coordinates

_ b
U=

e—1"
be

V= )
e—1

)

Aside from this “real steady state” (U, ¥) — which
for short may be written L where L is a vector —
there is another, “virtual steady state” (L) defined
by the intersection of the ©» = 0 nullcline on the one
hand and the (dashed) extension to the left of the
lower branch of the Z-shaped nullcline on the other
(see Figure 1). This steady state L has the co-
ordinates

b—1
e—1

e(b—1)
e—1

U= V= (€)

)

Because of the jump discontinuity on the right-hand
side of (1) the state plane decomposes naturally into
two subsets ¥ = d (in the following termed T') and
uzd (termed T?) whereby T' and T? have only
boundary points (the elements of X) in common
E=T'"nT*=T'AT5T' A T2=0).

The inhomogeneity of (1) can be resolved by
transforming to steady state coordinates. For left-
hand states (that is, /e T' where /= (u,v)), the sys-
tem is written as a homogeneous linear differential
equation:

i=w—=0y=pu[-(u-0)+@- "],
i=(v—W=—e(u-0)+@v-1). (4)

For right-hand states (/ € T?), the system is governed
by the virtual steady state L. It is now described by
the following homogeneous linear differential equa-
tion

i=u—-0y=pu[-(u-0)+@- "],
i=(v— M =—eu=-0)+@-"V) (5)

which differs from (4) only in having the bars
replaced by tildes. Note that the virtual steady state
L, being in T', is only a “fata morgana”. On trying
to approach it (inside 7?), the system will sooner or
later enter T', meaning that L then has suddenly
disappeared while the system finds itself in the
region of influence of L.

By introducing relative coordinates — namely,
i=u—-U t=v—-V.and i:=u—-U, s:=0—V —
and suppressing the bars and the tildes, (4) and (5)
are written as

u - u
=2 30 ®

v —e 1/ \v
This equation can be written more concisely
[=n1, (6a)

where A is the system matrix. Its characteristic
equation is

JP—trA+detA=0,

PHiu—1)+ue—1)=0. (7)
[t yields the eigenvalues

. 1—u +1)\?2

=" x (,u2 ) —eu. (3)

In Fig. 2 the spectrum of matrix A is plotted as a
function of the parameter u. Figures2a and 2b
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Fig. 2. Eigenvalues of the matrix A of (6) as a function of u. (a) real part; (b) imaginary part; (c) real vs. imaginary part,

with the arrows indicating the direction of growing u. Parameters: b=1, d=

0.2, e=15. Axes: a) p=0...250,

Re}.,/3=—250... 10.b)/l=0250. Im ;.|/2=_20...201C) Re|/2=—50... 3, Im/|/2=—2020

show the real and imaginary part both of 4, and Z,,
while Fig. 2¢ gives a picture of the complex plane,
with x being the curve parameter.

One sees that for ¢ > | (case i, a above) the sys-
tem undergoes a bifurcation at = 1: A4 little below
this value the steady state is an unstable focus,
above it i1s a stable focus. As u increases, the two
conjugate complex eigenvalues coalesce (at the
threshold value u.=(2e¢—1)+2 Je(e— 1)) and be-
come real negative for larger values of u (Figure 2a,
b). If x is increased even further, the system (1)
becomes “stiff " in the sense of numerical mathema-
tics (see, for example. [11]). More specifically, for
w — o the eigenvalues /,, tend to (e—u) and
(1 —e¢). respectively. This means that the system
“relaxes” much faster in the direction of the first
eigenvector than in the direction of the second.

The steady state L is a global repellor for u < 1
while for g > . it is a global attractor as is easy to
verify. For u e(l, ). however, the situation is
slightly more complicated. In this case L (as well as
L) is a stable focus. Nonetheless, a pair of sur-
rounding limit cycles (one stable and one unstable)
of finite amplitude may appear (region LC in
Figure 4). This happens, intuitively speaking, when
the system, spiralling closer toward L (e T"), thereby
transverses the boundary 2 and as a consequence is
inside the regime governed by L (that is 72). It then
tries to reach L until it inevitably reenters 7' — but
this time further away from L than before. (An ana-
Iytic description of this behavior will be possible on
the basis of the formalism described in Section 6.)
Limit cycles here always appear in pairs, with the
unstable one separating the attractive regime of the
stable focus from that of the stable limit cycle.

Figure 3 illustrates the shape of the stable limit
cycle for several different values of x. The smaller

u

Fig. 3. Limit cycle solutions of (1) for different values of u
as indicated. Numerical simulation using a standard
Runge-Kutta-Merson integration routine. Parameters: b= 1,

d=02,e=15. Axes:u=—4...4,v=—-10... 10.
d-04
UF SF SN
L\,
— o IR,
0 1 He

Fig. 4. Schematic representation of the bifurcation plane
of (1). UF: region of unstable focus or node; LC: region of
limit cycles and stable focus coexisting; SF: region of
stable focus; SN: region of stable node.

(and less circular) limit cycles correspond to larger
values of s.

Figure 4 gives an overview of the qualitative
behavior of (1). The ordinate (¢ — U) is the distance
between the threshold ¢ and the steady state value
U. The abscissa is the stiffness (or damping) param-
eter 1. One sees that for (d — U) sufficiently small,
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even relatively large values of u(< u.) still give
limit cycles.

After having considered the qualitative behavior
in dependence on the eigenvalues, let us now con-
sider the eigenvectors explicitly. The normalized
eigenvectors of the matrix A are

yzi

wherei=1, 2.

One sees that for x> 1 the first (“fast”) eigen-
vector has hardly any r-component at all (its u-
component is approximately u/e times its r-com-
ponent) while the second (“slow’) eigenvector points
almost in the direction of the stable branch of the
Z-shaped nullcline.

Let us proceed to the behavior of the whole
system, Fig. 5 shows that two types of excitable

2
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Fig. 5. Super-threshold excitation of the system of (1) for
(a) u=28 (< po) and (b) u =100 (> u.). Other parameters:
b=1,d=02,e=15 Axes:u=—1.0...1.5,v=0.0...1.5.
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behavior can be distinguished, one bound on a
stable focus (Fig. 5a), and one bound on a stable
node (Fig. 5b). In either case, an initial condition
close to the stable steady state returns to the latter
on a “round-about” course (cf. [6] and [9]).

3. The Diffusion-Coupled System

Whenever there is a spatial coupling present (in
the first component, at least) one obtains for the
whole system a parabolic partial differential equa-
tion:

du=D,u+u[-u+v—b+0u-d],
0v= +uv. (10)
The diffusion matrix is very simple (containing just

one entry, ID,,). By an appropriate spatial stretching
(transformation of the length by a factor of 1/} D,, ),

—eu

1 0
this matrix is changed into (0 0). As we are only

interested in wavetrains of constant shape, we may
now introduce a “wave variable”

E=r—ct

(1

where c is the wave velocity.

Space-time now reduces to one-dimensional
¢-space. At the same time, Eq. (10) transforms into
the ordinary differential equation

—cu=u"+u[—u+v—->b+0u—-4dj,

—eu +v,

(12)

—cv' =

where the prime corresponds to d/d¢.

Introduction of the new variable w (w := u’) trans-
forms the second-order system (12) into the three-
dimensional first-order system

u=w,
v =(1/c) (eu—"0)

w=ulu—v+b—-—0u—-d]—cw. (13)

The spatially homogeneous steady states of this
system are the same as those of the local system,
that is,

_ b _  be -
U= , V= , W=0
e—1 e—1
and
- b- _ b—1 -
L N W ik B ST
e—1 e—1

respectively.
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Here again. L is the real and L the virtual steady
state: also. T' and T2 are defined just as in the local
case. namely.

T'={:u=d: Th={:uzd. (15)

Transforming (13) in such a way that a steady state
becomes the origin (cf. the procedure leading to (6))
yields

w\’ 0 0 1 u
v| =le/c —1/¢c O v (16)
" ya — U G "W
or. equivalently,
I'=BI. (16a)

This i1s our final equation. Note that it applies
twice, so to speak, once for each of the two regions
(T' and T?) that are both described by this equa-
tion.

4. Linear Analysis

The eigenvalues of /; of the matrix B (in (16a))
are the roots of
2= ;2trB+/,minB—detB=0. (17)

where

trB =-

e=]

¢

minB=1-u,
H
detB=—1(¢e—1).
7

These roots can be found using Cardano’s formula.
Figure 6 summarizes the results obtained.

One sees that one eigenvalue is always real nega-
tive while the two others (being either complex-

4

Fig. 6. Eigenvalues of the diffusion coupled system (spectrum of the matrix B) as a function of the wave-velocity c.
e= 15, £ =100. Axes: a) ¢=0...50, 2, =
.50, Im /A.:,/} =—40...40: d) Re /‘.:/3 =0...10.Im ).:/} =—40... 40.

Compare Figure 2.
Re 7,

Parameters: b=1, d=0.2,
3=0...10:c)c=0..

) IMA2/3
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conjugate or real) always have a positive real part.
Correspondingly. the steady states of (13) are of the
saddle-focus or the saddle-node type, respectively.
There is no stable steady state possible.

Because of the instability of all solutions of the
linear system (16). any attempt at calculating the
constant shape wave solutions of the original partial
differential equation (10), via (16). directly by a
local numerical integration routine (like that of
Runge and Kutta, cf. [12]) is doomed to fail
because the result necessarily diverges (at least
because of numerical errors), and so in both time
directions. This “saddle character™ appears to be a
general feature of constant shape wave solutions of
reaction diffusion equations. In consequence. “non-
local methods™ that from the beginning take into
explicit account the boundary conditions, have to be
used (see next Section).

The normalized eigenvectors of matrix B (16a) are

|
LY - (18)
N\ T+7c
/i

with normalisation factor

14 2;¢2(1 4|42 +e2\ 12

\I: . B
1+ LiC™

wherei= 1.2, 3.
The three eigenvectors taken together form the
transformation matrix

H:=( %10, (19)

[t transforms the complex X, 1. z-space (k-space)
spanned by the complex eigenvectors into the real
u, 1, w-space (/-space). Specifically.

[=Hk. (20)

REN .

= 100...0: b) ¢=0...50,
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H. the matrix of eigenvectors, diagonalizes the
system matrix B, yielding

/0 0
H'BH=(0 /, 0 (1)
0 0 7

The steady states behave under the transformation
H like vectors:

L=HK. (20a)

The jump condition (see (13)) takes the following
form in k-space:

IH]].\'+[H[3.1'+ HI3::d~ (22)

That is, the formerly vertical threshold plane (de-
fined by u =d) is now replaced by a slanted plane,
defined by (22). The whole original equation (13)
becomes in the new coordinates

7

X 1 0

-~

vl. =

=

/. 0

0 /4, 0

0 0 /3

0

+H™! 0

b—()(ﬂ'lll.\"" H‘I|2'1'+ ]HHZ—d)

(23)

The sglution_of (23_) becomes, with initial condition
@+ X. B+ Y, 7+ Z)eThat &= &

x(¢) x 0
1(: =10 (,/:1(\.:*:0)_}_ /f el-z(s:“iu)
2(9) 0 0
0 X
+10] M| ¥ (24)
y z
In the other half-space T2 the same equation

applies, except that the bar becomes a tilde and that
the initial condition is now from T2 that is (o +X,
p+Y,y+7)eT™

With (24) given, we now know explicitly the trajec-
tories determined by an arbitrary initial condition
located either in T' or T2 Our next task is to
describe explicitly also the “composed” trajectories
that cross the boundary () between the two half-
spaces. To do this it is necessary to determine the
location of the “crossing points” in -space.
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5. Finite Wavetrains on the Infinite Linear Fiber

The results of the preceding Section can now be
used to solve the boundary value problem for the
linear fiber. We suppose natural (Dirichlet-type)
boundary conditions, that is. boundary conditions
kept fixed at the steady state value K at infinity
(e =% ).

Figure 7 schematically shows a wavetrain of N
pulses travelling from left to right on the infinite
fiber. One sees that for sufficiently large negative
values of the wave variable ¢, the solution forever
remains within the left-hand half-plane of the two-
dimensional phase space of the local system. For
¢ — — o, the solution is therefore described by

xX(<) 0 0 X
v | =1 5 eG4 | 0| sS4 Y] . (25)
2(9) 0 71 Z

The same reasoning applies to the outermost right-
hand portion of the wavetrain (¢ — + o0), yielding

x(&) % X
y(E))=|0 ]| e+l ¥ (26)
{(4 0 Z

Both equations contain the boundary condition (K).
The values that already apply at infinity (namely,
those of the local steady state K) are at large
(positive and negative) &-values being approached
in accordance with the dynamics of the local system.
Since the local dynamics is stable (see Sect. 2),
this amounts to the constraint that all the potentially
divergent terms of (24) have to disappear when the
boundary conditions are to be fulfilled. The ampli-
tudes of these terms must therefore be set equal to
zero. Setting =0 in (24) indeed leads to (25), and
setting both f and y equal to zero in (24) leads to
(26).

Our next aim is to calculate the transition points
on the linear fiber (named ¢, in Figure 7). These are
the points at which the jump condition (22) is
fulfilled. Without loss of generality we can put

00 0 0,

Fig. 7. Schematic representation of a wavetrain containing
N pulses on a linear fiber (cf. text).

01»4—). 01‘»1 oxN
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¢, :=0. Hence in (25) ¢, becomes equal to zero. We
now choose intervals in ¢-space such that the trajec-
tory remains within the same half-plane of the local
state space in each interval. We then in each case
take the left-hand boundary value of the interval in
question as the origin of &-space (since we are free
to choose the origin in (24)). This implies £,=0 in
(26). The wave solution in the whole interval (0, ¢;)
is therefore described by

\(i) Ai 0 0
vE) =0 e+ pif e+ 0 | e+ K, (27)
z(€) 0 0 Vi

where K=K for odd i and K = K otherwise. The
amplitudes 2;, f#;, and y; are given by

A= x(p;-1) — /Y/
Bi=v(pi-) =Y, (28)
vi=z(pio)—Z,

where X, Y, Z are components of the vector K.

Using these formulas, we now obtain the jump
condition at the left boundary of the first, then of
the second interval, and so forth. Labeling the jump
conditions successively as (1), (2), etc. we have

(1) for =¢=0: B
H‘I]|X+H12(/))|+ Y)+H|3(}'|+Z) =d,

that is:

Hp, f1+ Hyzy +U=d
(2) for ¢ =g -

Hyy 23+ Hjy f3+Hiz s +U=d
(3) for = ps:

Hy 2+ Hyy fa+ Hiz s +U=d;

: : (29)
(2i—1) for ¢=gy_;: )

Hyj 22+ Hyp S+ Hyz o +U=d

for &= 2
Hy %41+ Hip faivi + Hiz i+ U=4d.;

for &= pan:

IH][3(| +(7=d

The whole system of equations (29) contains 2N
equations in 6 N unknowns (namely, the 2N triples
% Biv 7). In addition. there are (2N—1) further
unknowns present in (29), namely, all of the g¢;
(except the first, ¢, which could be choosen freely).

Finite Wavetrains in a One-Dimensional Medium

Aside from the jump conditions, the wave solu-
tions have also to fulfill “matching conditions”,
since continuity at the g¢-values is required (see
(28)). These conditions can be specified by writing
(24) down for every boundary between two inter-
vals. This yields

(1) for {=¢,=0:

(a) X=na, +X,
(b) S +Y=8 +7,
(© 7 +Z=p +Z
(2 for &= gy
(@ 2% e +X=0; +X,
(b) Bo e +V=p +7
e 47 = sy +Z:

©) »

(21—‘1) fOI’ 5 = Pgi~is
(a) gy M1+ X =y,
(b) Bricie’ 1+ ¥ = By,
(€) y2i—1 €™PH1+ Z = py;

(30)

+ T &
N|‘<z><,

(21) for &=,
(@) ay e +X=ap,+ X,
(b) B € + ¥V =Py +7,
© 72 €™ +Z=pua+Z;
(2N) for E=opyn:
(@) 2%y €% +X=u, +X,
(b) /))L\‘ P;'w” . )7= )_/.
(C) 72N ()23¢2,\- +Z = Z_

This chain-like system (30) can be decomposed into
three subsystems because the «’s, f's, and y’s are
completely decoupled from each other. Looking
first at the «’s, one sees that the first line (1a) of
(30) can be solved for 2,; using this result, the
fourth line (2a) yields 23 (as a function of x,), and
so forth. Thus, there is a finite recursion which
gives us every 2; as an explicit function of the
preceding one. To repeat:
A9 = /\7— /\7.

3= (X = X) (e 1), (31)

or. written more concisely, (32)
i-1 i-1

%= (X=-X) (Z (= D¥exp (?-12(/)1 e li= 1)’)
k=2 I=k

wherei=2,...,2N.
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The general formula is (32). Remains the crown-
ing final step of the recursion. For %, — which
appears in the last block of (30) — we obtain

2N 2N
n=X-X (AZ’<— D)¥ exp (/'.1 ) w;) = 1) . {39
We therefore have obtained explicit expressions for
all of the ;.

Proceeding to the f’s, we start with the last but
one line (2 N b) of (30). Using it, we find, in analogy
to (31),

P =(Y—TP)eiem,
[))ZN—I - ()_/_ )7) (e—;»2(¢z.v+(ﬂzy-1) _e—)-2¢72.~'-1) y (34)

This time we have a recursion that runs backwards,
so to speak. The intermediate steps are, in analogy
to (32),

_ . W k 35
fonoi=(T=T) 3 (—1)"exp(—/‘.z 5> w/)( )
k=2N—i I=2N—i

In the final step we arrive at f,, obtaining, in
analogy to (33),

2N k
pi=(Y-Y) (A_Zz(— 1)* exp (—;.2?:2«)1) - 1) . (36)

The y’s are again found analogously, by substituting
y: for B;, 43 for 4, Z for Y, and Z for Y, respectively,
in (34— 36).

Thus, we have, using the results of (30), obtained
all the amplitudes (2;, f£;, 7;) as functions of both
the interval lengths ¢; and (via the 4; and H;;, which
are functions of c) the wave velocity c.

If we now insert these amplitudes (31—36) into
(29), we obtain a system of nonlinear algebraic
equations that contains only the wave variables ¢; as
well as ¢ as the unknowns. This implicit equation is a
dispersion relation since it connects wave properties
(wavelength, velocity, etc.) with medium properties
(excitability, local dynamics parameters, etc.).

This dispersion relation contains all information
about all wave solutions on the linear fiber. Before
going to extract this information from the disper-
sion relation, we still have one minor point to
consider. As the first of the ¢; (namely ¢)) is already
known, we obtain 2 N equations not in 2 N +1 vari-
ables, but rather in 2 N variables (namely, ¢, ¢, ...,
p>x). Such algebraic systems have, if they possess
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any solution at all, only solutions of dimension zero
(that is, points) that are locally unique. This follows
from the implicit function theorem (cf. e.g. [13]).
Therefore, the linear fiber (unlike the ring fiber to
be discussed later) cannot be “tuned through”
continuously in ¢. Rather, there is a discrete spec-
trum of solutions in ¢,p-space. In other words, the
solutions of (29) are isolated points in c¢,p-space
rather than curves.

As a side remark, it may be noted that it is
possible to subject the linear fiber to an “‘external
tuning through™ If we introduce the threshold
parameter (d— U) as a tunable external parameter,
we can obtain a continuous connection between
wave propagation velocity (¢) on the one hand, and
the excitation properties of the medium on the
other. A special relation of this type (namely, be-
tween wave propagation velocity on the one hand,
and a property of the medium — like its complex di-
electricity constant — on the other) is knwon in
classical electrodynamics under the name of Kra-
mers-Kronig dispersion relation (see e.g. [14]). We
therefore have found a (formally different) anal-
ogue in a reaction-diffusion system.

6. Finite Wavetrains on the Ring Fiber

Circular fibers are at least as important as the
linear ones. On the one hand, the linear fiber is (in a
certain sense) equivalent to a ring of infinite length.
On the other hand, the ring lends itself to more
applications. Coupled concentric rings, for example,
provide a starting point for considering two-di-
mensional media (cf. [2]).

Most of the above procedures carry over. Let ¢;
again denote the length of the i-th interval; cf.
Figure 8.

As the system is cyclic, poy+ = ;. We can there-
fore define a cyclic group, I:= ({0, 1,...,2 N}, +),
where “+" refers to composition. The dynamics on
the ring are invariant under transformations gen-

A~
|
|
|
|
|

=)
|
|
|
|
|

— ——— €

OAnH Ou oq o1.'1-1 01.... ¢zn 01
Fig. 8. Schematic representation of a wavetrain containing
N pulses on a ring fiber (cf. Figure 7).
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erated by /., where /. refers to the subgroup of the
even (/) integers in /.

When we choose #':= (3!, 75, #) := («;, Bi, 7)), for
the amplitudes, the jump conditions on the ring
become (compare (29)):

(1) for E=o:

(2) for &= gy

3
2i=1) for E=pai: 3 Hypj

(20)

for &= p,;

(2 /\/) for 5 = Q2N
Once again, there are 2N equations in 6 N un-
knowns. The continuity conditions (cf. (30)) now
read

(1) for E=g;:

’7} e’;~lw1 + [E’/.: }7% + IZ,',
(2) for <= oy
’7% e’IJWZ + k/: }7% + IE/',
(2i=1) for =gy
’7%/—1 (,Z,(ﬂzy-1+ K/ = ;7/2' + 1%/-. (38)

for ¢ =p,;
,7/21» etz 4 Ki= ,7/2:'+l 4 K/-,

for ¢ =pyn:

(2N)
’7/2!\/ ehivN 4 12/.: ;7}- + [Z/,
withj= 1,2, 3.

This system of 2 N equations is cyclic by virtue of
the symmetry of the problem. Therefore there does
not exist any special amplitude vector this time that
could be solved for directly. The solution must
instead be found by working through the whole re-
cursion.

Without loss of generality we may start out at ¢,
to then obtain the next amplitude directly (from
(38))

= nj e+ (K= K)) . (38)

Finite Wavetrains in a One-Dimensional Medium

Comparing (39) with (31), one sees that the first
term is new while the second is familiar. (As for the
2’s this second term is the same as before, but the
f's and ;’s are now all generated in perfect analogy
to the «'s.) Specifically, we have for a general 7'

i—1
nj=n) exp (/l,- Zl w) (40)
|=

i-1 i~1
+<1?,r—1€,~>-(2 (= D¥exp (/:,-Z w) + <—1>").
k=2 1=k

where j=1,2,3, whilei=2,...,2N.
Working through all of the 5, we eventually
arrive again at 5';

2N
n}=nj exp (/1/ 2 w/) (41)
=1
_ - 2N 2N
+ (K= K)) - (Z (—D¥exp ()-/Z <,/)/> - l) )
k=2 I=k
This equation can now be solved for 7"
2N 2N
2 (=D¥exp (;.,Z W) -
o > k=2 =k
n = (K= K; [ (42)

) 2N
I — exp (/Z,Z (p/)
=1

Using #', it is easy to obtain #2 then #* from #% and
so forth.

As our starting with ¢, had been arbitrary, (42)
may be generalized toward (43)

m—1 m—1
2 (—=Dexp (/3/ )3 cﬂ/) -1
1=k

k=m+1
N
exp ().,Z (p/) -1
=1

whereby it is assumed that we started from an
arbitrary #™ rather than from #'. Equation (43)
shows the rotational symmetry of the problem: the
indices can safely be shifted. Note that » indicates
a cyclic summation over all the 2N nonzero ele-
ments of the group /.

All of the #' are now given as functions of the g,
and c. Inserting the #' (obtained recursively from
(40) and (42)) into the jump conditions (37), we
obtain 2 N equations in 2N + 1 unknowns (namely,
¢ 91, ..., ¢2n). These equations, as long as fulfilling
the prerequisites of the implicit function theorem
(Jacobian determinant nonzero), define at least
locally a one-dimensional manifold in R?¥*!. That

np=(=1)"(K;—K)
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1s, they define a true dispersion relation in the clas-
sical sense because the manifold connects wave
velocity and ring length @ (equal to Y ¢;).

i

In other words, by inserting the amplitudes (40)
into (37), an implicit analytical expression of the
desired dispersion relation has been found. This
implicit equation is too long to be repeated here,
but it can easily be put into a computer. It will be
used for obtaining the computer-generated results
of Sections 8 — 10.

7. Relationships Between Linear Fiber
and Ring Fiber

The 2 N jump conditions ((29) for the linear and
(37) for the cyclic fiber, respectively) in each case
yield a high-dimensional system of coupled non-
linear algebraic equations. Their solution is a purely
technical problem that can be relegated to a com-
puter (see Sections 8—10). Before giving the con-
crete results, it is worthwhile to briefly discuss the
relationships that exist between the general proper-
ties of the solutions of the linear and the ring fiber,
respectively.

The linear fiber always shows a characteristic
asymmetry of the three pulse amplitudes («;, £, 7).
This reflects the sign pattern of the eigenvalues (cf.
Fig. 6 above). A second remarkable property of the
linear fiber is the discreteness of the wave velocity
spectrum (shown in Sect. 5; cf. also [15]). To see the
situation on the ring, recall that intuitively speaking,
a wavetrain on the ring is always subject to a certain
amount of “self-interaction” that is decreasing as
circumference increases. On the linear fiber, in con-
trast, a single pulse always runs into a “‘steady state
region” (being the case with the assumed boundary
conditions).

If ring length is allowed to go to infinity (¢ — ),
the amplitude equation for the first component (7}
or a;) on the ring, (42), transforms into that for the
linear fiber, (33), since (’}im exp (4;-®)=0. For the

— 0

equations for the f’s and s, this is not the case,
however. Since both £, and 7, on the linear fiber are
defined on the right-hand boundary of the interval
(— oc, 0], the limit has to be taken in the direction of
negative ¢-values. Substituting — /4,3 for 4,3 into
the equation for the ring (42), we thus indeed once
more obtain the equation for the linear fiber (36) as
D — .

This shows to two things: (a) The linear fiber is
equivalent to a ring of infinite size. (b) The dis-
creteness of the wave velocity in the case of the
linear fiber stems from the presence of an additional
condition (namely, @ = =) or, differently speaking,
from the loss of one variable (¢,) during the transi-
tion from the ring to the linear fiber.

8. Single Pulse on the Linear Fiber

The simplest special case, that of a single pulse on
the linear fiber, can be treated one further step
analytically. For the linear fiber, the jump and
matching conditions (29) and (30) in the first com-
ponent read

Hyox=d-U (44)
and
2= (X—X) (e"-1), (45)
respectively, so that
(p3=.ilog[——i+l]. (46)
/2 | Hn(X=X)

(46) is an explicit expression for the length of the
second interval (during which the system is in the
super-threshold half-space T7?2). Here ¢, is expressed
as a function of ¢ and d. Such an explicit expression
can be obtained only in the present special case.

The other amplitudes f, and y, can be found
similarly to «;, using (34). This yields
Pi=(Y—=-Y)(e="—-1),

n=(Z-2Z)( -1, (47)

Inserting these amplitudes and ¢, (from (46)) into
the first line of (29), we obtain

_ - d—U —r2lh
H.Q(Y—Y)[(——H”()?_/\.,)H) —1|+  (48)
. =43l
H”(Z’—Z')[(Hd()%hﬂ —1|+U=d.
11

This implicit equation defines a one-dimensional
manifold in ¢,d-space (because the 4; and H;; are
functions of ¢), showing that d is the natural param-
eter for an external tuning through.

So the special problem of one pulse on a linear
fiber can be reduced to a single implicit equation.

An example is shown in Figure 9. The phase
space plot reveals that the present pulse (Fig. 9ad)
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Fig. 9. Single stable (a) and unstable (b) pulse on a linear
fiber moving from left to right. In (), (f), and (y) the
wave variable ¢ is plotted versus the system variables u, ¢,
and w, respectively. The (—-—) level lines indicate the
steady state values while the (———) line in (%) shows the
excitation threshold d. In (9) the pulse is projected into the
state space (u, -space) of the local reaction system (in the
following, this representation of a wave solution will be
used several times). Parameters: b=1, d=0.2, e= 15,
1= 100.

1s a trigger wave (cf. Introduction): Diffusion gives
only the starting stimulus (that heaves the system
over the threshold), but thereafter the system be-
haves most like a local system completely decoupled
from its neighbors.

Figure 10 shows how the propagation velocity of
the single impulse depends on the excitation param-
eter . This picture was obtained by calculating
about 300 impulse solutions of (48), where the /;
and H;; were obtained using (17—19).

Figure 10 shows two things: (1) Wave solutions
only exist in a finite interval (dmin, dmax] of the exci-

Finite Wavetrains in a One-Dimensional Medium

d
Fig. 10. Propagation velocity ¢ of a single pulse as a func-
tion of the excitation parameter d. The upper branch
shows the fast, stable pulse solutions while the lower
branch represents the unstable, slow pulses. Parameters:
b=1,e=15u=100. Axes:d=0.0...0.4,c=—40...1100.

tation parameter . (ii) In the region of existence,
there always exist two solutions of (48) except for
the “knee” of the curve.

The first result is in accordance with an estimate
to be obtained from the local system. Here a lower
bound below which no wave solution can be sup-
ported is given by condition (ia) of Sect. 2, which
yields

dbin="b/(e—1); (49)

here the superscript “I”” indicates the local results.
For the upper bound, one obtains analogously

5
dl = —"1 —b+1 (50)
-

since for d > d\.x no stimulus pointing in the u-
direction can lead to a fast relaxation into a neigh-
borhood of the lower branch of the u-nullcline. If
now diffusion is added, d,, i1s bound to be smaller
than dl,, because of the additional outflow prov-
ided by diffusion.

The second result (point 2 above) is harder to see
intuitively. The weakly coupled waves (trigger
waves of Fig.9) are all represented by the upper
branch of Figure 10. The lower branch corresponds
to a second type of waves. These slower pulses are
of smaller amplitude. They are “strongly coupled
waves™: the kinetics and the diffusion almost bal-
ance each other as far as their influence on the local
behavior is concerned. This second type of waves is
always unstable [16].

As a third result Fig. 10 shows that while the
slower wave velocity on the lower (unstable) branch
of the dispersion relation remains virtually constant,
the velocity of the faster pulse strongly diverges on
the upper branch as d approaches dy,;,. This too fol-
lows from a glance at the local system: the differ-
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Fig. 11. Amplitudes of the system variables « (a) and v (b)
as functions of the wave velocity for a single pulse on the
linear fiber. Parameters: b=1, e=15, u=100. Axes: a)
c=0...200, A,=0.0... 1.7, b) c=0...200,
A,=00... 1.1

ence (d—dnn) plays the role of an excitation
parameter. As d approaches dpn,, the upper stable
steady state is about to disappear (and oscillatory
behavior about to appear). Shortly before this hap-
pens, the “reaching distance” of diffusion (deter-
mining the velocity of propagation) becomes arbi-
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trarily large since very small diffusion fluxes are
now sufficient for excitation (cf. also [1, 2]).

A final result shows the dependence of wave
amplitudes on propagation velocity. In Fig. 11, the
amplitudes of the wave solutions of (48) were
plotted versus propagation velocity. Both amplitudes
asymptotically approach the amplitude of excitation
of the local system as ¢ becomes larger and larger.
Thus more and more ideal trigger-wave behavior
occurs.

9. Single Pulse on the Ring

In the case of one pulse on the linear fiber
(preceding Section), only a single interval length
had to be obtained. Therefore the implicit system of
algebraic equations (29) could be reduced to just
one implicit equation. In all other cases, including

C

Fig. 12. Single pulses on a ring fiber. The plot ends exhibit an overlap of about 5%, so the figures show just one pulse. In
(a) astable pulse is shown on a long ring, so the pulse looks much like one on a linear fiber. In (b) a stable pulse is shown
on a ring close to the minimal ring length. In (c) and (d) the same situations are demonstrated for unstable pulses.
Parameters:b=1,d=0.2,e =15, u = 100.
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the present problem. the solution of (29) or (37).
respectively. has to be obtained by solving at least
two implicit equations simultaneously. Programs for
the practical evaluation of zeros of systems of
algebraic equations are available (cf. [17]).

Figure 12 shows the shape of a single impulse on
the ring (which 1s similar to Figure 9). The
behavior 1s again very close to that of a purely local
excitation if the ring is long. Shortening the ring
means that no point on the circumference can regen-
erate completely. so the next excitation reaches the
same point when it still is in a relative refractory
state. This effect is shown in Figure 12b.

When the ring is shortened further, the stable
pulse disappears (at @ =0.5707), meaning that the
pulse of Fig. 12b is relatively close to this threshold.
Figure 13 shows the dependence on the ring length
quantitatively. One sees that two pulses are possible
on the ring (stable and unstable) with pulse velocity
plotted versus ring length in Fig. 13a., and pulse
frequency as a function of the length in Figure 13b.
There is not only an asymptotically approached
maximum propagation velocity (the velocity found
on the linear fiber) for large ring lengths (upper
branch of Fig. 13a). but there also exists a minimum
ring size, below which no pulse exists.

As the ring 1s shortened progressively. the stable
pulse slows down because of increasing self-repul-
sion (upper branch of Figure 13a). This effect is
less than proportional to the decrease in ring length
— as the progressive increase in slope in the left-
hand part of Fig. 13a shows. As a consequence,
pulse frequency increases (upper branch of Figure
13b).

Analogous arguments hold true for the unstable
pulses (lower branch of Figs. 13a and 13b).

That a maximal pulse frequency exists follows
already from a look at the local system. When we
conceive of the whole dynamics of the system as a
sequence of jumps alternating between the two
branches of the u-nullkline. then the maximum fre-
qUENCyY Vi 18 the inverse of the time needed for one
jump back and forth. This time is strongly deter-
mined by the stiffness parameter x. The relaxation
time of stiff systems is smaller and hence the fre-
quency is larger than that of more slowly relaxing
ones.

So far. the parameter ¢ was kept constant. If we
again vary it (as was done on the linear fiber. Fig.
10). we obtain a dispersion hyperplane in ®.c.d-

C. Kahlert and O. E. Rossler -

Finite Wavetrains in a One-Dimensional Medium

d 2

3 [ b )

Fig. 13. Propagation velocity ¢ (a) and pulse frequency
v(b) as a function of ring length @. The upper branch in
each case represents stable pulses while the lower one rep-
resents unstable pulses. Parameters: b=1, d=0.2, e= 15,
1 =100. Aves: a) ¢=0...25. ¢=0...23: b) &=0...25,
v=0...6.

)

Fig. 14. Dispersion hyperplane of a single pulse on a ring
fiber in @.c.d-space. Aves: & =0...25. ¢=0...33,
d=00...04.

space. Figure 14 shows some representative cuts
through this surface. Note that the surface continues
to the left up to arbitrarily long ring lengths @.

10. Wave Trains

The present theory is not restricted to single
pulses. It can be used to vield results for finite
wavetrains of arbitrary length. In practice, the
requisite computer memory and time increase faster
than linearly with the number of pulses. This is a
consequence of the high dimensionality of state
space (spanned by ¢, d. and the ¢; of (29) or (37).
respectively). Therefore. explicit dispersion rela-
tions can be calculated only for relatively short
wavetrains.

If there is more than one pulse, new effects ap-
pear. On both the linear and the ring fiber. the
stable (upper) branch of the dispersion relation
shows less structure (more symmetry) than the
unstable (lower) one (see Figs. 10 and 13a, re-
spectively).

Let us first look at stable pulses on the linear
fiber. The first stable pulse will be hardly (if at all)
affected by subsequent pulses (in consequence of
the weak coupling assumed). It moves into the
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steady state region with its “natural velocity” c¢j.
Every point on the fiber behind the first pulse tries
to reapproach the steady state. Whenever the steady
state L is a node. a second excitation is therefore
bound to experience a higher threshold compared
to the first one*. In this case the second pulse and
further pulses travel more slowly than the first one:
they “feel” a repulsive force exerted by the
preceding pulse. This repulsion decays more or less
exponentially but vanishes only for infinite dis-
tances. As a consequence, any wavetrain spreads out
and never achieves a constant shape in finite time.
This explains why no more than a single stable pulse
governed by a node is possible on the linear fiber.

If the steady state L is a focus, however, the local
state on the fiber necessarily “overshoots” **. This
means that a subsequent excitation is facilitated in
certain time intervals. Therefore, a second pulse
may move faster than ¢q for a while until it comes
close enough to the first one for repulsion to set in.
In many cases, this adjustment will be monotonic. If
there are more than two pulses, however, the adjust-
ment process of the third pulse, depending on two
preceding pulses, may as well be nonmonotonic.
Whenever this oscillatory process is damped, several
stable pulses of different shapes will settle into a
wavetrain of constant shape. For a numerical ex-
ample (based on a different equation), see [18].

This possibility will not occur in the following
because only parameters leading to real eigenvalues
(solutions of (17)) were to be considered on the stable
branch of the dispersion relation. In this case, no
more than a single stable pulse can exist on the
linear fiber. By the same argument, asymmetric
wavetrains of constant shape can be excluded on the
ring. Due to the high dimensionality of the param-
eter space of (13), however (5 parameters: u, b, c,
d, e), we do expect to find also parameter values
with complex conjugate eigenvalues that lead to
stable multiple (symmetric and asymmetric) pulses.

Let us now turn to wunstable “symmetric” and
“asymmetric” wavetrains. Some examples of sym-
metric multiple pulses on the linear fiber are given
in Figure 15. (Cf. also Table 1.)

“Symmetric” here means that all the pulses have
almost the same shape that differs only slightly
from the shape of a single pulse (cf. the phase space

* (cf. Figure 5b.)
** (cf. Figure Sa.)
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plots of Figure 15). In addition one sees that the
distances between the pulses are “quantized™ (cf.
[15, 18]). showing a “ground state” (minimum
distance between the pulses) and “excited states™. In
the symmetric part of the lower branch of the dis-
persion relation (see Fig. 17 below) the ground state
and all excited states represent symmetric wave-
trains while in the asymmetric part only the excited
states yield this type of solution.

More interesting are the asymmetric wavetrains.
Cases with ten asymmetric unstable pulses are
presented in Figure 16.

There is a large variety of further subtypes (in the
grouping of the pulses) that could be presented.
Note that in each group, the last (left-most) pulse is
the biggest in amplitude; it seemingly “pushes”
along the other pulses of the group. Inside a group
one finds only the minimum distance between the
pulses while the groups are separated by inserted
additional “distance quanta”.

Figure 17 shows for the linear fiber a segment of
the lower (unstable) part of the dispersion relation
(cf. Fig. 10b for a d,c-plot). One sees nine (or
N —1, in the general case) asymmetric branches
veering away from the symmetric unstable branch
of the dispersion relation.

The lowermost branch is almost the same as for
symmetric wavetrains. Coming from above (dyax), all
branches almost coincide; at d=0.333 the (asym-
metric) branches veer away from the lower (sym-
metric) one. For values further below, the bundle of
asymmetric branches decomposes, meaning that the
different branches successively diverge until they all
are well separated. Approaching dy;, all branches
again come closer together in order to coincide at
dmin-

Now the ring fiber. This time, there is no un-
equivocal “leading” pulse. Only when the wavetrain
is well contained is it possible to order the pulses in a
convincing way. Examples of unstable asymmetric
wavetrains on the ring are presented in Fig. 18
(compare with Figure 16). Here too. many more solu-
tions can be found by grouping the pulses and by
inserting additional distance quanta.

A typical dispersion relation on the ring is shown
in Figure 19. It shows a segment (the “nose”) of
Fig. 13a, amplified, for the case of two unstable
asymmetric pulses.

This picture is a projection from five-dimen-
sional ¢, ¢-space (¢, ¢, ..., p4) onto the ¢, ¢,-plane,
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Fig. 15. Examples of symmetric multiple pulses on a linear fiber. Note that in the phase-space plots the single pulses
appear indistinguishable. Parameters: b=1,d=0.2,e = 15, u = 100.
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Table 1. Summary of the numerical results shown in Figs. 9a—b, 12a—d, 15a—f, 16a—f, 18a—d, and 20a—d.

Fig. 9a 9b 12a 12b 12¢ 12d 15a 15b 15¢

d 02000  0.2000 0.2000  0.2000 0.2000  0.2000 0.2000 0.2000 0.2000
¢ 21.975 3.5270 21.905 6.5563 3.5269  3.2528 3.5269 3.5269 3.5269
0,/0.1 0.0000  0.0000 100.00 8.0000  100.00 8.0000 0.0000 0.0000 0.0000
0,/001  207.67 4.3770 206.78 41.703 43769  4.8992 4.3769 4.3699 4.3699
03/0.1 - - - = - = 27.513 15.286 15.286
0,/001 - - - - - - 4.3769 4.3699 4.3699
05/0.1 - - - - - - - 15.284 15.285
0s/001 - - - - - - - 4.3769 4.3769
0,/0.1 - - - - - - - - 27.518
0/001 - - - - - - - - 4.3699
05/0.1 - - - - - - - - 15.285
0,0/0.01  — = - - - - = = 4.3769
Fig. 15d 15¢ 15f 16a 16b 16¢ 16d 16e 16f

d 0.2000 0.2000 0.2000 0.2000 0.2000 0.2000 0.2000 0.2000 0.1039
¢ 3.5269 3.5269 3.5269 3.3526 3.3527 3.3810 3.3886 3.3526 22314
0,/0.1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
9,/0.01 4.3699 4.3699 4.3699  14.948 15.117 4.4601 7.3931  15.155 4.9482
03/0.1 15.285 15.287 15.284 4.4929 45622  11.523 3.4583 4.5789 2.1857
04/0.01 4.3769 4.3699 43769  14.258 15.057 15.229 43683 15.260 4.5175
05/0.1 27.516 15.287 27518 4.1773 4.4785 4.5065  14.492 4.5655 1.8704
05/0.01 4.3699 4.3699 43769  11.530 14.262 14.509 4.5860  15.261 3.9179
0,/0.1 15.287 15.287 38.292 3.5163 4.1768 4.1733 9.5476 4.5648 1.7174
04/0.01 4.3699 4.3699 4.3699 7.4584  11.530 11.625 45859  15.255 3.3399
05/0.1 15.285 15.287 15.287 32867  3.5162 3.4692 9.5480  4.5622 1.6339
00/0.01 43769 4.3699 4.3699 4.3785 7.4584 7.4202 45859  15.224 2.8224
o /0.1 21517 15.287 15.285 25211 3.2865 3.2289 9.5480 4.5484 1.5959
02/0.01  4.3699 4.3699 43769  14.948 4.3784 4.3478 4.5859  15.058 2.3671
03/0.1 15285 15.287 39.521 44929  23.799 16.503 9.5484 4.4782 1.5988
012/0.01 43769 4.3699 43699  14.258 14.139 7.3873 4.5868  14.261 1.9655
0s/0.1  — 15.287 15.284 41772 4.1972 3.4699 9.5317 4.1768 1.6520
06/0.01  — 4.3699 43769  11.530 11.526 4.3642 4.5469  11.530 1.6050
0/0.1 - 15.287 27.523 3.5163 35178 14.105 10.278 3.5163 1.7911
0s/0.01 - 4.3699 4.3699 7.4582 7.4581 7.4119 7.4062 7.4582 1.2690
019/0.1  — 15.285 15.284 3.2867 3.2871 3.4666 3.4561 3.2867 2.1632
020/0.01  — 4.3769 4.3769 4.3784 4.3784 4.3825 4.3778 4.3784 0.9257
Fig. 182 18b 18¢ 18d 20a 20b 20¢ 20d

d 0.2000 0.2000 0.2000 0.2000 0.1000 0.1000 0.1000 0.1000

¢ 3.3917 3.3580 3.3557 3.3700 2.8256 3.0766 3.0766 3.0766
0,/0.1 17.000 19.000 19.000 19.000 0.0000 0.0000 0.0000 0.0000
0,/0.01 7.3973 11.406 14.164 15.073 1.1324 0.7969 0.7987 0.7987
03/0.1 3.4501 3.5657 4.1976 4.4865 3.1347 13.249 23.572 33.474
04/0.01 4.3675 7.4508 11.537 14.335 0.7994 0.7987 0.7987 0.7987
05/0.1 - 3.2942 3.5130 4.1855 oA - - -

06/0.01 - 4.3729 7.4533 11.577 - - - -

0,/0.1 - - 3.2827 3.4871 - - - -

4/0.01 - . 4.3725 7.4498 - - - -

05/0.1 = - - 3.2702 - - - .

010/0.01 = = - 4.3663 - - - -
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2 ) “F

Fig. 16. Examples of asymmetric wavetrains containing ten pulses on a linear fiber. One sees that there is a great variety
of grouping the pulses and of arranging the groups. Parameters:a) —e) b= 1.d=0.2.e= 15, 1= 100:f) b= 1, d = 0.1039,
e=15 u=100.
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Fig. 17. Dispersion relation for an unstable wavetrain con-
sisting of ten pulses in one group (cf. Fig. 16e, f). The
veering off, higher branches represent the bigger (left-
more) pulses of the wavetrain. Parameters: b=1, e =15,
1 =100. Axes:d=0.0...04,4,=0...0.75.

or c.ps3-plane, respectively. The right-hand inter-
section point is a genuine intersection point in R”.
The other is a projection artifact. The right-hand
intersection point is the bifurcation point (having a
horizontal tangent in one branch). The dashed
curve is the symmetric branch while the lower, solid
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one represents an asymmetric double pulse for every
point. Below ¢;= 2.936, there exist only symmetric
wavetrains (dashed curve). In the interval between
¢=2936 and ¢=3.386, symmetric and asymmetric
double pulses coexist, while above that interval, only
symmetric solutions remain. Thus, symmetric pulses
can be both faster and slower than asymmetric ones.

10. Discussion

Many interesting features of nonlinear reaction dif-
fusion systems can be obtained from “few region”
piecewise linear systems. These systems form a kind
of prototype for the whole class. The modified
Rinzel-Keller system considered above is a “two
region” model. Here all excitation characteristics of
the imbedding medium are condensed into one
parameter d. The second important parameter, the
“stiffness parameter™ ., was kept constant a ¢ = 100.

C

Fig. 18. Asymmetric wavetrains of 2, 3,4 and 5 pulses in one group on the ring fiber. Parameters: b=1,d=0.2, e = 15,

1= 100.
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Fig. 19. Dispersion relation for an asymmetric double
pulse on a ring fiber. The dashed line represents the
symmetric pulses (cf. the “nose region™ of Fig. 13a) while
the solid line represents asymmetric double pulses. Param-
eters: b=1, d=0.2, e=15, £=100. Axes: ¢,3=0...3,
c=28...36.

In principle, there exist two ways for calculating
the solutions of a piecewise linear system: the
“sequential” and the “simultaneous™ method. In the
first method. the solutions are calculated sequential-
lv. with the final value of the last interval taken as the
starting condition for the next one. This requires the
successive solution of a single-variable implicit equa-
tion. In this case. the desired solution is found by
varving a single parameter, ¢ for the linear fiber, or
by varying two parameters (e.g. 1 and Re #3) for the
ring. However. this straightforward approach in prac-
tice reveals several severe shortcomings. They stem
from the fact that as more and more impulses are
being considered, all the numerical errors accumulate
in the one (or two) variational parameters on hand. In

Finite Wavetrains in a One-Dimensional Medium

addition. differing solutions may come to lie so close
together in the low dimensional space of variational
parameters as to be no longer distinguishable.

The second method. used above, is the “simul-
taneous” method. As Sects. 5 and 6 show, it requires a
little bit more machinery. but it lacks the above cited
shortcomings in return. It provides good results as
long as the different solutions are well separated in
just one of the 2 NV (on the linear fiber) or the 2 N + 1
(on the ring fiber) variational parameters in c,¢-
space that are now available. Note that N is the
number of impulses within the wavetrain to be con-
sidered.

Feroe [10] found only two different solutions of the
double pulse problem (using a 23-digit accuracy).
The present method allows to find more (see Fig.
20, which was computed with 12-digit accuracy).

Two major phenomena concerning wavetrains of
two or more pulses could be investigated for the first
time: the dependence of their propagation on changes
in the local excitability (parameter ¢) on the one
hand, and on variations of geometry (ring length) on
the other. On the linear fiber, the natural parameter
to “tune through™ was d. On the ring fiber it was ring
length (while d was kept constant, except for Fig. 14
where both parameters were varied).

In either case two types of solutions were found: (1)
stable pulses of high propagation velocity, and (2)
unstable wavetrains that were slow in general (Figure
13a). The stable pulses were called “weakly coupled™

— — — —

Fig. 20. Four different solutions of the double pulse problem. showing the ground state and the first three excited states
of a double pulse. In each case the u-component is plotted versus ¢ in the same scale.



C. Kahlert and O. E. Réssler - Finite Wavetrains in a One-Dimensional Medium

(or trigger waves) since the shapes of their trajec-
tories when projected into the phase space of the local
system appeared almost like excitations of that reac-
tion system. The slow unstable pulses, in contrast,
were called “strongly coupled™ since the influences of
diffusion and reaction were found to be of similar
strength. This is virtually equivalent to having an
additional new reaction path introduced into the sys-
tem. This might be the explanation why a larger
variety of phenomena was found for this type. All the
asymmetric wavetrains described in Figs. 16 and 18
are new findings. The dispersion relation of Fig. 17
(with the “veering off™ of subpulses) as well as the
asymmetric dispersion relation on the ring (Fig. 19)
are also new findings.
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